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1. INTRODUCTION
 < < 4Let D s z : z - 1 be the unit disk in the complex plane C. Let
0 F a - ` be fixed. An analytic function f is an a-Bloch function see, for
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w x. aexample, 23 , denoted by B , if
a2
a5 5 < < < <f s sup 1 y z f 9 z - `, . .B
zgD
and f is called a little a-Bloch function, denoted by Ba, if0
a2< < < <lim 1 y z f 9 z s 0. . .
< <z ª1
w xIn 4, 6 we defined an analytic function f to belong to Q , 0 - p - `, ifp
< < 2 psup f 9 z g z , a dxdy - `, .  .HH
DagD
 .where g z, a is a Green's function of D with singularity at a. Similarly,
an analytic function f belongs to Q , 0 - p - `, ifp, 0
< < 2 plim f 9 z g z , a dxdy s 0. .  .HH
< <a ª1 D
In a special case a s 1, B1 s B, the space of Bloch functions, and
1 w x w xB s B , the space of little Bloch functions 1 . In 4 the first and second0 0
authors proved that Q s B and Q s B for all p, 1 - p - ` cf. alsop p, 0 0
w x. 17 . It is well known that Q s BMOA the analytic functions of bounded1
. mean oscillation and Q s VMOA the analytic functions of vanishing1, 0
. w x  .mean oscillation 12 . For 0 - p F 1 the spaces Q Q have a nestingp p, 0
 .  w x.property, that is, Q n Q Q n Q for 0 - p - q F 1 cf. 6 . Fur-p q p, 0 q, 0
 w  .x.ther, the inclusion Q ; Q is known see 6, Theorem 1 i . An impor-p, 0 p
tant property that is common to these classes Q and Q is that they arep p, 0
all invariant under Mobius transformations, that is, if f g X, where XÈ
 .  . denotes any of these classes, then f (w g X, where w z s a y z r 1a a
.  .y az a, z g D . This is well known when X s B, B or BMOA, VMOA0
 w x.see 2 .
w xWe note that in 11 a characterization of boundary values for functions
 .in Q 0 - p - 1 is given.p
 . ` n Let f z s  a z be an analytic function on D. Then f g D thens0 n a
.a-Dirichlet space for a real number a if
`
2a < <n a - `. 1.1 . n
ns1
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It can be shown that, for y` - a - 2, f g D if and only ifa
1ya2< < < <f 9 z 1 y z dxdy - ` 1.2 .  .  .HH
D
 w x.  .see, for example, 16 . Let M D be the collection of all functions fa
which multiply D to D , i.e., fg is in D for all g g D .a a a a
In Theorem 2.1 of Section 2 we prove an inclusion relation between the
spaces Ba and Q and show the inclusion to be strict and best possible.p, 0
In Section 3 we consider analytic functions with non-negative Taylor
coefficients and give some conditions for these functions to belong to Ba.
Further, relations between Bb and D are studied. Section 4 deals witha
b  .inclusions between B and the multiplier space M D and as a speciala
w x case, a question of Brown and Shields 9, Question 17 is answered. This
w x .question also appears in Shields' survey article 15, Question 16 . In
Section 5, a criterion for an analytic function f to belong to Q is given inp
terms of the Mobius transform of f. Further, the relationship betweenÈ
 .M D and Q is considered in this section. In Section 6, we sharpen aa 1ya
 .result of Baernstein about univalent Bloch functions: If g z / 0 is an
analytic univalent function, then log g g BMOA. In Section 7, the results
of Section 6 are adapted for a-Bloch functions. In the last section the
meromorphic case is considered.
2. Ba AND Qp,0
w xIn 6 the first, third, and fourth authors proved the nesting property for
the spaces Q that is, Q n Q for 0 - p - q F 1. In the special casep, 0 p, 0 q, 0
w xq s 1 we have Q n VMOA for 0 - p - 1. In 22 the fourth authorp, 0
proved the inclusion relation Ba ; VMOA for 0 F a - 1. We will sharpen
this result as follows:
 . aTHEOREM 2.1. i B n F Q ,max2 ay1, 04- pF1 p, 0
 . aii B o Q for 0 F p s 2a y 1 - 1.p
 . w x aProof. i The fourth author 22, Proposition 1 has proved B ; D1
1 w  .xfor 0 F a - . In 6, Theorem 4 i the inclusion D ; F Q was1 0 - pF1 p, 02
1aproved. Thus B ; F Q for 0 F a - .0 - pF1 p, 0 2
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1a
a5 5 Now let f g B for a fixed a , F a - 1, that is, f s sup 1 yB z g D2
< < 2 .a <  . <z f 9 z - `. For 0 - p F 1 we denote
< < 2 pM a s f 9 z g z , a dxdy .  .  .HHp
D
p12 y22 2 2< < < < < <s f 9 w w 1 y w w log 1 y w dud¨ , .  . .  . .HH a a  /< <wD
2.1 .
 .  .  .where w w s a y w r 1 y aw , w s u q i¨ . We divide the expressiona
1 .  < < 4in 2.1 into two parts. Let D s z : z - r , where - r - 1 is fixed. Ifr 4
 < <.  < < 2 . w xw g D _ D , then log 1r w F 4 1 y w . Thus, by 24, Lemma 4.2.2 forr
p y 2a ) y1,
p12 y22 2 2< < < < < <f 9 w w 1 y w w log 1 y w dud¨ .  . .  . .HH a a  /< <wD_ Dr
2y2 a py22 2 2p
a5 5 < < < <F 4 f 1 y w w 1 y w dud¨ .  . .B HH a
D_ Dr
py2 a2< <1 y w .2y2 a2 2p
a5 5 < <s 4 f 1 y a dud¨ .B HH 4y4a< <1 y awD_ Dr
p2 2p
a5 5 < <F 4 C f 1 y a , 2.2 . .B
where C is a constant.
On the other hand,
p12 y22 2 2< < < < <f 9 w w 1 y w w log 1 y w dud¨ .  . .  . .HH a a  /< <wDr
p12y2 a y22 2 2
a5 5 < < < <F f 1 y w w log 1 y w dud¨ .  . .B HH a  /< <wDr
2y2 a2 2
a5 5 < <f 1 y a .B
F C p , 2a , 2.3 .  .4y4a1 y r .
 .   < <.. p < < 2 .y2 awhere C p, 2a s H H log 1r w 1 y w dud¨ - `.Dr
 .  .  .Combining 2.2 and 2.3 , we get lim M a s 0 for p ) 2a y 1,< a < ª 1 p
that is, f g Q for p ) 2a y 1.p, 0
1 aNext we show that the inclusions are strict. If 0 F a - , then B ; D12
w x w xby 22, Proposition 1 . In 6, Corollary 4 , D n F Q was proved.1 0 - pF1 p, 0
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1 ka ` 2 .Thus B n F Q . If F a - 1, let f z s  a z , where a s0 - pF1 p, 0 ks1 k k2
k1ya . k1ya . a’ < < wk r2 . Then lim sup 2 a s `, so that f f B by 20,k ª` k
 .xTheorem 1 i .
` k1yp. < < 2Suppose that 0 F 2a y 1 - p F 1. Then  2 a - `, becauseks1 k
w x  w2a y p y 1 - 0, and it follows from 6, Theorem 6 cf. also 3, Theorem
x.  .5 that f g Q . This completes the proof of i .p, 0
 .  . ` 2 k k 1y a .ii Let f z s  a z , where a s 1r2 . Sinceks 0 k k
k1ya . < < alim sup 2 a s 1 - `, we have that f g B by a result of S.k ª` k
w  .xYamashita 20, Theorem 1 i .
` k1y2 ay1.. < < 2 `On the other hand,  2 a s  1 s `, and hence f fks0 k ks0
w x aQ by a result in 6, Theorem 6 . Thus B o Q and the theorem is2 ay1 2 ay1
proved.
Remark 1. W. Smith has shown us a different proof of the inclusions
given in Theorem 2.1.
Remark 2. Some results similar to Theorem 2.1 for mean Lipschitz
w xspaces can be found in 5 .
Remark 3. In the opposite direction, using Theorems 4.1 and 5.2 in the
1 afollowing sections, we know that, for F a - 1, Q o B is also valid.2 ay22
3. Bb AND Da
 . ` k  . .Let f z s  a z be analytic, let S f z be its partial sumks0 k n
n k 5 5 a z , and f the supremum norm.`ks0 k
 . ` nTHEOREM 3.1. Let f z s  a z , a G 0, be an analytic function.ns0 n n
Then, for 0 - a - 1, the following are equi¨ alent
 . ai f g B ,
 . 2 ny1  ay1.ii  a s O n ,ksn k
 . 5 5  ay1.iii S f y f s O n .`n
 .  . a  . .Proof. i « ii . Suppose that f g B . For n G 1 let D f z sn
2 ny1a z k. Then, for 0 - r - 1,ksn k
2ny1
k< <M D f 9, r s max D f 9 z s k q 1 a r .  .  .  .` n n kq1
< <z Fr ksn
< <F M f 9, r s max f 9 z .  .`
< <z Fr
1
s O ,a /1 y r .
because a G 0.k
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Taking 1 y r s 1rn we get
2ny1
ak q 1 a F Cn . . kq1
ksn
Consequently, 2 ny1a F Cnay1.ksn k
 .  .  .ii « iii . If ii holds, then it is easy to find that
`
5 5 5 5kS f y f F D f` `n 2 n
ks1
` 2 kq1ny1
ay1F a F Cn ,  m /kks1 ms2 n
 .that is, iii is true.
 .  . 5 5  ay1.iii « i . Suppose that S f y f s O n . Then, for 0 - r - 1,`n
`
nM f 9, r F M D f 9, r .  .` ` 2
ns1
`C n2 5 5nF r D f 9 `2r ns1
`C nnq1 2 5 5nF 2 r D f `2r ns1
`C nnq1 2 5 5 5 5nq 1 nF 2 r S f y f q S f y f . ` `2 y1 S y1r ns1
`C na nq1. 2F 2 rr ns1
`




1 y r .
ai.e., f g B .
 .  . w xRemark 4. Here i « ii has been proved in 8 . Note that our proof is
 .  .suitable for the case 1 F a - ` only excluding ii « iii . In general,
5 5 a `S f y f s ` for f g B _ H , 1 F a - `.`n
Remark 5. If, in Theorem 3.1, we replace Ba by Ba and ``big-Oh'' by0
``small-oh,'' the corresponding theorem holds.
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We are now ready to prove the relations between D and Bb.a
THEOREM 3.2. For y` - a - 2,
 . bi when 0 - b - 1 y ar2, B ; D ,a
 .  . bii when 1 y ar2 F b - 3 y a r2, B and D are not included ina
each other,
 .  . biii when b G 3 y a r2, D ; B .a
 .  .Proof. i This follows from a direct calculation, using 1.2 .
 . 1ya r2  . ` 2 kii We show first that B o D . Let f z s  a z , where0 a 1 ks1 k
ka r2. k1y1ya r2..’ < <a s 1r k 2 . Then lim 2 a s 0, and thus, by a resultk k ª` k
w  .x 1ya r2of S. Yamashita 20, Theorem 1 ii , f g B .1 0
` k a < < 2  .On the other hand,  2 a s `. Hence, by 1.1 , f f D . Thusks1 k 1 a
B1ya r2 o D . This implies that Bb o D for b G 1 y ar2.0 a a
Then we prove that D o D Bb. Because Bb ; Bb9 fora 0 - b - 3ya .r2
 .  .  .0 - b - b9, we may suppose that 1 y a r2 - b - 3 y a r2. Let f z2
1` n 1qa .r2 s .s  a z , where a s 1rn log n and s ) . Then f g D .ns2 n n 2 a2
 .  .But, for 1 y a r2 - b - 3 y a r2, we have a q 2b y 1 ) 0 and 3 y a
y 2b ) 0. This implies that 2 Ny1n1yba ª ` as N ª `. Hence, bynsN n
Theorem 3.1, f f Bb. Thus this case is proved.2
 . 3ya .r2iii We need only prove D ; B . For a g D and every q ) 1,a
q . .2 3ya r2 y22 2 2< < < < < <f 9 z 1 y z 1 y w z dxdy .  . .  .HH a
D
1ya2 2< < < <F f 9 z 1 y z dxdy. .  .HH
D
w  .xThe result follows from 22, Theorem 1 D .
b  .4. B AND M Da
1ya r2 1ya r2  .We suppose that 0 - a F 1. Since B ; B and M D ; D ,0 a a
 . 1ya r2  .Theorem 3.2 ii implies that B o M D . In the opposite directiona
 w x.we are able to prove cf. also 10, p. 267
 . 1ya r2THEOREM 4.1. For 0 - a F 1, M D o B .a
 . ` n  . ` a < < 2Proof. Let f z s  a z g D . Then, by 1.1 ,  n a - `.ns0 n a ns1 n
 . `  . n  .Let f z s  e v a z , where e v is a Bernoulli sequence ofw ns0 n n n
random variables on a probability space. This means that each e takesn
1the value q1 and y1 with probability . Because f g D , we know, bya2
w x  .  .Theorem 2 of 10 , that f g M D almost surely a.s. . If we takev a
 . w x 1ya r2c s 1rlog n in Theorem 3 b of 10 , then f is not in Bn v
1ya r2  ..  .s Lip ar2 a.s.. Therefore M D o B .a
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Remark 6. The assertion in Theorem 4.1 is not valid for a s 0. In fact,
2  . `  w x.when a s 0, D s H , M D s H see, for example, 16 . Hence0 0
 . ` 1M D s H ; B s B .0
We next give a complete description of possible containments between
b  .B and M D , 0 - a F 1, 0 - b F 1.a
PROPOSITION 4.2. Let 0 - a F 1. Then
 . b  .i B ; M D for 0 - b - 1 y ar2,a
 . b  .ii B o M D for b G 1 y ar2.a
 . b Proof. i Let f g B for 0 - b - 1 y ar2. Then sup 1 y0 F r -1
. b <  iu . < 5 5 br f9 re F f - `. HenceB
2rp11 1 2p1ya 1yap2 iu< <M f9, r 1 y r dr s f9 re du 1 y r dr .  .  .  .H H Hp  /2p0 0 0
1 1yay2 b2
b5 5F f 1 y r dr - `. .B H
0
w x  .Then, by 10, Lemma 1.3 , we know f g M D .a
 .  . bii This follows from the facts M D ; D and B o D for b G 1 ya a a
ar2.
a  .Because B s Lip 1 y a for 0 F a - 1, we immediately get the fol-
lowing
COROLLARY 4.3. Let 0 - a F 1. Then, for ar2 - g F 1, Lip g ;
 .  .M D ; for 0 - g F ar2, Lip g o M D .a a
w xIn 9, Question 17 , L. Brown and A. L. Shields asked: If f g D l Lip e1
 1ye .  .s D l B for some e ) 0, must f g M D ? The same question also1 1
w xappears in 15, Question 16 . We give the negative answer to Brown and
Shields' question.
THEOREM 4.4. There exists a function f g D l B1r2 such that f f1 0
 .M D .1
 . ` nProof. Let f z s  a z , wherens0 n
1¡ k k, for 2 F n - 2 q k , k s 2, 3, . . . ,0.6~ k r2a s 2 k log k .n ¢
0 otherwise.
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First we claim that f g B1r2. By Remark 5, it suffices to show that0
2 Ny1 1r2  . k kq1 n a s o 1 for each N. Now, for 2 F N - 2 , we havensN n
2 Ny1 2 kq2y1 2 kq1qk
1r2 1r2 1r2n a F n a s n a  n n n
k knsN ns2 ns2
ky1 1
kq1.r2F 2 0.6k r22 k log k .js0
k 1
kq2.r2q 2 0.6kq1.r22 k q 1 log k q 1 .  . .js0
1 1’s 2 q ª 00.6 0.6log k log k q 1 .  . .
 . 1r2as k or N ª `. Thus f g B .0
Also, f g D . To show this, we note that1
` ` ky1 12 kq1< <n a F 2  n 1.2k 2 /2 k log k .ns1 ks2 js0
` 2
s - `. 1.2k log k .ks2
 . ` n  .0.6Now let g z s  b z , where b s b s 1 and b s 1rn log n forns0 n 0 1 n
n G 2. Then g g D .1
 . pLet s p s  b . Then, for p ) 1,ns0 n
p4 dx 0.4
s p G 2 q G 2 log p . .  .H 0.65 2 x log x .
Thus, there exists an integer k such that, for k G k ,0 0
0.8ky1 k k2 0.8
s p G 4 log ) k log k . .  . .  /2 2ps0
 .  .  . ` n nNow let h z s f z g z s  c z , where c s  a b . For n sns0 n n js0 nyj j
2 kqp, where 0 F p - k,
p p 1
c G a b s b n nyj j j 0.6k r2 / 2 k log k .js0 js0
s p .
s .0.6k r22 k log k .
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Thus,
k 22 qky1 ky1 s j . .2 k< <n c G 2 n 1.2k 22 k log kk  .js0ns2
ky11 2s s j . . .1.22  /k log k . js0
Now, for k G k ,0
k 0.82 qky1 k log k 1 .2< <n c G s . n 1.2 0.42k log k k log kk  .  .ns2
Thus,
` ` 12< <n c G s `, n 0.4k log k .ns1 ksk q10
1r2  .so h f D . Thus f g D l B , but f f M D .1 1 0 1
 .5. M D AND Qa 1I a
First in this section we give a criterion for an analytic function f to
belong to Q , 0 - p - `.p
 .   ..   ..   .  . We call the function g z s f w z y f w 0 w z s a y z r 1 ya a a a
..  .  4az a Mobius transform of f. Further, we denote Mob f s g : a g D .È È a
 w x.Then the following criterion holds also, see 5, Theorem 1.1 :
 .THEOREM 5.1. For 0 - p - `, f g Q m Mob f is bounded in D .Èp 1yp
w  . xProof. By 6, Proposition 1 i ; 17, Theorem 10
p2 2< < < <f g Q m sup f 9 z 1 y w z dxdy - ` .  . .HHp a
DagD
p2 2 2X< < < < < <m sup f 9 w w 1 y w w w dud¨ - ` .  . .  .HH a a
DagD
p2 2< < < <m sup f (w 9 w 1 y w dud¨ - ` .  .  .HH a
DagD
p2 2X< < < <m sup g w 1 y w dud¨ - ` .  .HH a
DagD
m Mob f is bounded in D . B .È 1yp
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We remark that the following equivalences are known to be true cf., for
w x.  .example, 17 : f g D m Mob f is bounded in D , f g Q s BMOA mÈ1 1 1
 . 2  .  .Mob f is bounded in H the Hardy space , and f g Q s B m Mob fÈ È2
2  .is bounded in L the Bergman space .a
 . For 0 F a F 1 we have trivally M D ; D and Q ; D we notea a 1ya a
.that, for a s 1, we may define Q s D . So it is natural to ask how0 1
 .M D and Q are related to each other. Our next theorem answers thisa 1ya
question.
 .THEOREM 5.2. For 0 F a F 1, M D ; Q .a 1ya
 . Proof. Let 0 F a - 1. We first show that the function g z s 1 ya
2 2 1ya .r2< < .  . .  . w xa r 1 y az g D a g D . By 24, Lemma 4.2.2a
1ya2 2X5 5 < < < <g s g z 1 y z dxdy .  .D HHa aa
D
1ya2< <1 y z .1ya2 2 2< < < <F 1 y a a 1 y a dxdy .  . HH 22ya .< <1 y azD
2F C 1 y a . .
w  .x  .Thus g g Da . By 16, Theorem 1.1 c we know that if f g M D , fora a
0 F a - 1, then
22 2< < 5 5g z dm z F c g F cC 1 y a , .  .  .HH Da f a a
D
 . <  . < 2 < < 2 .1yawhere dm z s f 9 z 1 y z dxdy. Thusf
< < 2sup g z dm z .  .HH a f
DagD
1ya2 2 1yaX< < < < < <s sup f 9 z 1 y z w z dxdy .  . .HH a
DagD
1ya2 2< < < <s sup f 9 z 1 y w z dxdy .  . .HH a
DagD
2F cC 1 y a - `, .
w xand hence f g Q by 6, Proposition 1 .1ya
 .When a s 1, the inclusion is obvious because Q s D and M D ;0 1 1
D .1
Remark 7. D. Stegenga has shown us a different proof for Theorem
5.2.
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 .Remark 8. The above inclusion is strict because log 1 y z g Q _1ya
 .  .  .M D . As an unbounded function log 1 y z cannot belong to M D buta a
 .  .as a univalent function log 1 y z g Q cf. Theorem 6.1 below .1ya
6. UNIVALENT BLOCH FUNCTIONS
 .First we consider functions for which the number n f , w of the w-points
in D satisfies a certain condition. We remark that this condition is
satisfied by univalent functions. Ch. Pommerenke has proved the following
w xTHEOREM P 14, Satz 1 . Let f be an analytic function and let
n f , w dud¨ F A - ` 6.1 .  .HH
< <wyw F10
 .for all w g C w s u q i¨ . Then0
 .i f g BMOA m f g B,
 .ii f g VMOA m f g B .0
As Pommerenke has shown, this theorem easily implies Baernstein's
theorem:
w x  .THEOREM B 7, Theorem 2 . If f z / 0 is an analytic uni¨ alent function
in D, then log f g BMOA.
Remark 9. Denoting analytic univalent functions by S we get that for
 .  .f g S the condition 6.1 is satisfied in this case we may choose A F p
so, by Theorem P,
BMOA l S s B l S , VMOA l S s B l S .0
W. Smith and A. Stanoyevitch have shown us that, for all p, 0 - p - `,
Q l S s B l S .p
In this section we will generalize Theorem P for all Q and Q ,p p, 0
0 - p - `, and the result of Smith and Stanoyevitch for functions satisfy-
 .ing 6.1 . Our proof is different from Smith and Stanoyevitch's proof.
 .THEOREM 6.1. Let f be analytic and let the condition 6.1 be satisfied.
Then
 .i f g Q m f g B,p
 .ii f g Q m f g Bp, 0 0
for all p, 0 - p - `.
a-BLOCH SPACES AND MULTIPLIERS 115
 .Proof. i We will modify the proof of Theorem P. For the values
1 F p - ` the theorem is already proved. Therefore suppose that 0 - p -
w  .x1. By 6, Corollary 1 i the direction « is trivially true.
In the opposite direction¥, suppose that f g B. By the proof of
Theorem P we have
< <M f , r s max f z . .` z z
< <z Fr
1 1 q r
5 5F f logBz2 1 y r
1 1 q r
5 5F f log ,B2 1 y r
 .  .  ..  .where f z s f z q z r 1 q z z y f z . From the proof of Theorem Pz
we get the upper estimate
212X< <f z dxdy F C 1 q log , .HH z  /1 y r< <z -r
where C is a constant.
By an easy calculation
p2 2< < < <f 9 z 1 y w z dxdy .  .HH  /z
D
p2 2X< < < <s f z 1 y z dxdy .  .HH z
D
1 py12X< <F 2 p f z dxdy 1 y r dr .  .H HH z /< <0 z -r
211 py1F 2 pC 1 q log 1 y r dr .H  /1 y r0
2C9
s , 6.2 .
p
where C9 is a constant. Thus
p2 2< < < <sup f 9 z 1 y w z dxdy - `, .  .HH  /z
DzgD
and so f g Q .p
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 .  < < 2 . < X  . <  < < 2 . <  . <ii Let f g B . We note that 1 y z f z s 1 y w f 9 w for all0 z
 .  .  .z g D, where w s w z s z y z r 1 y z z . Thenz
1 py12X< <f z dxdy 1 y r dr .  .H HH z /< <0 z -r
R py12X< <s f z dxdy 1 y r dr .  .H HH z /< <0 z -r
1 py12X< <q f z dxdy 1 y r dr .  .H HH z /< <R z -r
s A q B. 6.3 .
 .Now, by the estimates in 6.2 , we have
C9 C91 pr2y1 pr2B F 1 y r dr s 1 y R . 6.4 .  .  .H 22 p pR
Now, given e ) 0, we can choose R sufficiently close to 1 so that B - er4 p.
Since f g B , there is R , 0 - R - 1, such that0 1 1
e2< < < <1 y w f 9 w - . . py22(4p R 1 y R 1 y 1 y R .  .
< < y1 .  .  .for all w, w ) R . Denote w s w z s z y z r 1 y z z . Then there is1 z
< < y1 < < 4.  < <R , R - R - 1, such that z ) R implies w z : z - R ; w : w2 1 2 2 z
4 < < < <) R . For z - R and z ) R we have1 2
22< < < <1 y w f 9 w e . .2X< <f z s - . pz 2 2 /< < 4p R 1 y 1 y R1 y z  .
and thus
e eR py12A F p R 1 y r dr s . 6.5 .  .Hp2 4 p4p R 1 y 1 y R . 0
 .  .  .  .By 6.2 , 6.3 , 6.4 , and 6.5 we get
p2 2< < < <f 9 z 1 y w z dxdy F 2 pA q 2 pB - e .  .HH  /z
D
< <for z ) R . Hence f g Q and the theorem is proved.2 p, 0
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Remark 10. In Theorem 7.4 below, we show that for p s 0 the equiva-
 .  .lence in Theorem 6.1 i is not true where, by definition, Q s D .0 1
w xBy Theorem 6.1 and the proof of Folgerung 1 in 14 it is easily seen that
Baernstein's Theorem B can be sharpened as follows:
 .THEOREM 6.2. If g z / 0 is an analytic uni¨ alent function, then log g
 .  .   ..g F Q . If , for w g g D , d w s dist w, ­ g D , then0 - p-1 p
d w .
< <log g g Q m ª 0 w ª 0, ` . .F p , 0 w0-p-1
7. UNIVALENT a-BLOCH FUNCTIONS
In Theorem 6.1 we considered Bloch functions which satisfy condition
 .6.1 . In this section, we see what happens when we replace Bloch func-
tions by a-Bloch functions. For general a-Bloch functions, the result of
Theorem 6.1 is not valid.
We begin by showing a general result which we will exploit in the later
results of this section.
PROPOSITION 7.1. Let y` - b F 1. If f is analytic and satisfies the
 .condition 6.1 , then




Proof. Suppose first b s 1. Let f g Ba for some a , 0 - a - 1. Since
 .6.1 is satisfied and f is a bounded function, f g D .1
 .Now fix b - 1. Then 3 y b r2 ) 1 and we can assume that a ) 1. Let
f g Ba. Then
< < < < < <M f , r s max f z F f 0 q max f z y f 0 .  .  .  .  .`
< < < <z Fr z Fr
z
< <s f 0 q max f 9 z dz .  .H
< <z Fr 0
1ya21 y r y 1 .
a< < 5 5F f 0 q f . B
a y 1
1ya2s K q K 1 y r , .1 2
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where K and K are constants. Thus1 2
< < 2f 9 z dxdy F n f , w dud¨ .  .HH HH
< < < <  .z -r w FM f , r`
21ya2 2F 4 A M f , r q 1 F 4 A 1 q K q K 1 y r . .  .` 1 2
Hence
1yb2 2< < < <f 9 z 1 y z dxdy .  .HH
D
1 yb2 2< <s 1 y b f 9 z dxdy 1 y r dr .  .  .H HH /< <0 z -r
1 yb2 2F C 1 q K 1 y r .  .H 1
0
1yayb 2y2 ayb2 2 2q2 1 q K K 1 y r q K 1 y r dr . 7.1 .  .  .  .1 2 2
 .When y` - b - 1, 0 - a - 3 y b r2, we have yb ) y1, 1 y a y b
 .) y1, and 2 y 2a y b ) y1 and thus the last integral in 7.1 is finite.
So f g D .b
 .  .Remark 11. Recall that if a s 3 y b r2, then from Theorem 3.2 iii
we have
D ; B3yb .r2 s Ba , 7.2 .  .b
 .  . aand, from Theorem 3.2 ii that, if 1 y br2 F a - 3 y b r2, then B
and D are not included in each other.b
 .Next we show that the opposite inclusion to 7.2 is not true even if the
 .condition 6.1 is satisfied.
PROPOSITION 7.2. For y` - b - 2 there is an analytic multi¨ alent
function f g B3yb .r2 but f f D .b
 .  . by1.r2Proof. Let f z s 1 y z . Then it is easy to see that f g
3yb .r2   ..B and is multivalent and thus satisfies 6.1 . For y` - b - 1 we
 .verify that f f D by using 1.1 . If 1 - b - 2, then from the integralb
 .condition 1.2 we see that f f D .b
 .   ..When b s 1, f z s log 1r 1 y z gives the counterexample.
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THEOREM 7.3. Q n Ba for all p, 0 F p - `, and a ) 1.p
Proof. For a ) 1, we have
a2 2< < < < < < < <1 y z f 9 z F 1 y z f 9 z , .  . .  .
so that B ; Ba. However, Q ; B for 0 F p - `, so it follows thatp
a  .  .1yaQ ; B . By letting f z s 1 y z , a ) 1, it is easy to verify thatp
a af g B but f f B. However, since Q ; B, it follows that Q / B .p p
Remark 12. Theorem 7.3 shows that e¨en if analytic functions satisfy the
 . acondition 6.1 , the corresponding spaces Q and B of these functions arep
not equal.
 .THEOREM 7.4. Let f be analytic and let the condition 6.1 be satisfied.
Then
 . ai f g Q ¥ f g B ,p
 . aii f g Q £ f g Bp
for all p, 0 F p - `, and all a , 0 - a - 1.
 .  < < 2 . <  . <  < < 2 .a <  . <Proof. i for 0 - a - 1, 1 y z f 9 z F 1 y z f 9 z , so that
a  .B ; B. By Theorem 6.1, if f g B and f satisfies condition 6.1 , then
 .f g Q . This proves i .p
 .ii Choose any unbounded simply connected region G with finite area.
By Riemann's mapping theorem there is a conformal mapping f from D
 .onto G. Then f g Q s D ; Q , 0 - p - `, and also, since f is not0 1 p
bounded, f is not an a-Bloch function for any a , 0 - a - 1. Further, f
 .satisfies condition 6.1 , so the theorem is proved.
We note that the situation when p s 0 and a s 1 is the well known
containment Q s D n B.0 1
8. MEROMORPHIC CASE
A meromorphic function f in D is said to be an a-normal function
 .0 F a - ` if
a2 a
a5 5 < <f s sup 1 y z f z - `, . .N
zgD
a . <  . <  <  . < 2 .where f z s f 9 z r 1 q f z is the spherical derivative of f. For
1 w xa s 1 we have the class N s N of normal functions 13 .
A meromorphic function f belongs to Qa , for 0 - p - `, ifp, 0
2a plim f z g z , a dxdy s 0. .  . .HH
< <a ª1 D
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a w x aFor p s 1 we know Q s UBC 20 . Corresponding to B in the1, 0 0
a  5 5 a 4analytic case we denote N s f : f meromorphic in D and f - ` .N
w xJ. Xiao 19 has proved
THEOREM X. For 0 F a - 1, N a ; UBC .0
We can sharpen this result as follows:
 . a aTHEOREM 8.1. i N n F Q ,max2 ay1, 04- pF1 p, 0
 . a aii N o Q for 0 F p s 2a y 1 - 1.p
 . a aProof. i The proof of N ; Q proceeds in the same manner as thep, 0
proof of the containment in Theorem 2.1.
Next we prove that the inclusions are strict. if 0 F a - 1r2, then, by an
a easy calculation, N ; AD , where AD s f : f is meromorphic in DS S
 a ..2 4 wand HH f z dxdy - ` is the spherical Dirichlet space. In 6, CorollaryD
x a a5 the strict inclusion AD n l Q was proved. Thus N nS 0 - pF1 p, 0
l Qa .0 - pF1 p, 0
 .For 1r2 F a - 1 we consider the function f constructed in i of the
<  . <   2 .. <  . <proof of Theorem 2.1. Since f z F M, we obtain 1r 1 q M f 9 z F
a . <  . <f z F f 9 z for z g D. Combining these inequalities with Theorem
 .2.1 i we get the assertion.
 .  .  . ` n kii By Theorem 2.1 ii the function f z s  a z sks 1 k
`  k1ya .. 2 k a a <  . < 1r2 z g B ; N for 1r2 F a - 1. Because f z F M, fks1
af Q implies that f f Q . Thus the theorem is proved.2 ay1 2 ay1
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